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In this paper we describe two different parametrizations of field equations in the f(R) theories of
gravity and two resulting parametrizations of the Friedmann Equations. In particular we show how
these two parametrizations lead to two different results for the curvature pressure and the curvature
density obtained respectively as the i−i component and the 0−0 component of the curvature stress-
energy tensor. We introduce formulas in order to pass from one parametrization to another one for
the curvature pressure and the curvature density. Furthermore, we analyse under which conditions
the two parametrizations of the curvature stress-energy tensor lead to significantly different results.
PACS numbers: 04.50.-h, 98.80.-k
I. f(R) AN OVERVIEW
Since the discovery of the current Universe speed up [1], many attempts to explain the cause of this phenomenon
have been proposed. Among them, there are the f(R) theories of gravitation [2]. The basic idea of the f(R) theories is
to replace the standard Hilbert-Einstein Lagrangian density, i.e. R, with a generic function of R, i.e. f(R). Proceeding
in this way the gravitational action becomes:
S =
1
2κ
∫
d4x
√−g f(R) + S(m) , (1)
where κ is a coupling constant related to the gravitational constant G and the speed of light c, i.e. κ ≡ 8piG
c4
, g the
spacetime involved and S(m) the action of the part of the matter. In the last decade a lot of different functional forms
of f(R) have been proposed in order to explain inflation, dark energy, dark matter and Bario-Leptogenesys [3]. One
of the most studied model is the Starobinski one, i.e. f(R) = R + αR2, that we will use in this paper [4]. In order
to determine the dynamical equations in f(R) gravities, it is possible to vary Eq. (1) with respect to the metric gµν .
This procedure leads to fourth order field equations of the form [3, 5]:
f ′(R)Rµν − 1
2
f(R)gµν − [∇µ∇ν − gµν] f ′(R) = κT (m)µν , (2)
where the prime, i.e. ”′”, denotes the derivative with respect to R, and
T (m)µν ≡
−2√−g
δS(m)
δgµν
. (3)
κ will be imposed equal to 1 hereafter, and we will express explicitly the Einstein tensor Gµν in (2). In the following
we will show two different parametrizations of the fields equations and of the resulting curvature stress-energy tensor.
Furthermore, we will denote under which conditions the two parametrizations give significantly different values for
the curvature pressure and density.
II. PARAMETRIZATIONS OF FIELD EQUATIONS
With the term of parametrization we want to denote the way to collect terms different from the Einstein Tensor,
i.e. Gµν = Rµν − 12gµνR, in the left side of the fields equation (2). In principle we can organize them in a multitude
of different ways, as will be clear hereafter. However, in this section, we present only two different schemes of
parametrization for the field equations (2). These two schemes have been adopted in several articles, as can be seen
when analysing the literature [5, 6].
2A. First Parametrization
The first parametrization, often used in literature by different authors as [5], writes field equations like denoted in the
following:
Gµν =
T
(m)
µν
f ′(R)
+ T curvµν . (4)
In order to obtain this form for the field equations, we divide both sides of (2) for f ′(R) and we obtain:
Rµν − 1
2
f(R)
f ′(R)
gµν − 1
f ′(R)
[∇µ∇ν − gµν] f ′(R) = T
(m)
µν
f ′(R)
, (5)
then adding and subtracting − 12gµνR to the left hand side of the previous equation, we obtain:
Gµν +
1
2
gµνR − 1
2
f(R)
f ′(R)
gµν − 1
f ′(R)
[∇µ∇ν − gµν] f ′(R) = T
(m)
µν
f ′(R)
. (6)
The curvature stress-energy tensor, responsible for curvature corrections, becomes:
T curvµν = −
(1
2
gµνR− 1
2
f(R)
f ′(R)
gµν − 1
f ′(R)
(∇µ∇νf ′(R)− gµνf ′(R))
)
. (7)
Note that the semicolon, i.e. ”;”, stands for the covariant derivative. The T curvµν in (7) represents a source for the
entire stress-energy tensor and as it has been done in literature it permits to describe the Universe dynamics [3, 5].
Obviously, looking at Eq. (4), the matter tensor is coupled to the Ricci scalar by means of T
(m)
µν /f ′(R). Hereafter
we consider a standard Friedmann-Lemaitre-Robertson-Walker metric (FLRW), i.e. ds2 = dt2 − a(t)2 (dr2 + r2dΩ2)
hence the corresponding modified Friedmann equations obtained reading the 0− 0 and i − i components of the field
equations are [3]:
H2 =
1
3
[
ρcurv +
ρm
f ′(R)
]
, (8)
and
2H˙ + 3H2 = −Pcurv −
Pm
f ′(R)
, (9)
where the dot denotes the derivative with respect to cosmic time, and ρm and Pm are respectively the matter density,
i.e. the 0 − 0 component of T (m)µν , and the matter pressure, i.e. the i − i component of T (m)µν . In these equations
we have posed equal to 0 the scalar curvature, i.e. k = 0, in agreement with recent observations and we define the
curvature density as [3, 5]:
ρcurv =
1
2
(
f(R)
f ′(R)
−R
)
− 3HR˙f
′′(R)
f ′(R)
, (10)
the curvature pressure as
Pcurv = ωcurvρcurv , (11)
where ωcurv is straightforwardly given by
ωcurv = −1 +
R¨f ′′(R) + R˙
[
R˙f ′′′(R)−Hf ′′(R)
]
[f(R)−Rf ′(R)] /2− 3HR˙f ′′(R) , (12)
and it represents the equation of state (EoS) parameter for the curvature part [2].1 The relation between the Ricci
scalar and the Hubble rate, that will be used in the following, is
R = −6
(
H˙ + 2H2
)
. (13)
1 Useful relationships to obtain the analytical expression of the curvature density and pressure are collected in the Appendix A.
3B. Second parametrization
In the second parametrization of Eq. (2), we rewrite, in order to be more explicit, the field equations (2):
f ′(R)Rµν − 1
2
f(R)gµν − [∇µ∇ν − gµν] f ′(R) = T (m)µν , (14)
and, instead of dividing both members for f ′(R), we, at first, add and subtract the Einstein tensor, Gµν i.e. Rµν −
1
2gµνR so we get:
f ′(R)Rµν − 1
2
f(R)gµν − [∇µ∇ν − gµν] f ′(R) +Rµν − 1
2
gµνR−Rµν + 1
2
gµνR = T
(m)
µν . (15)
Thus we can rewrite field equations like:
Gµν − T cµν = T (m)µν , (16)
where T cµν , i.e. the curvature stress-energy tensor, in this case becomes:
T cµν = (1 − f ′(R))Rµν +
1
2
gµν(f(R)−R) + [∇µ∇ν − gµν] f ′(R). (17)
Proceeding as done so far, in this case we have obtained another parametization for the curvature stress-energy tensor,
now denoted as T cµν , and consequentially new different expressions for the curvature pressure and density are:
ρc = −3(1− f ′(R))(H˙ +H2) + 1
2
(f(R)−R)− 3Hf ′′(R)R˙, (18)
Pc = (1− f ′(R))(H˙ + 3H2)− 1
2
(f(R)−R) + f ′′′(R)R˙2 + f ′′(R)R¨+ 2Hf ′′R˙. (19)
If we take 0− 0 component of (16) we get the first Friedmann equation:
H2 =
1
3
(ρm + ρc) (20)
and for the i − i component we get:
2H˙ + 3H2 = −Pm − Pc. (21)
This parametrization is, for example, used in [6].
III. THE DEVIATION PARAMETER
In this section we introduce a new parameter useful to quantify the difference between the curvature stress-energy
tensors in the two parametrizations. Both sets of Friedmann equations, i.e. (8, 9) and (20, 21), must obviously
have the same solution for the Hubble-rate, because they have been obtained starting from the same action and field
equations (1), (2). In the following we highlight different results for the components of the curvature tensor in the
two different parametrizations, which from here onwards we call, for simplicity, system A and system B, in order of
apparition in this paper.
At first, we highlight that in A the matter density is divided by f ′(R), i.e. ρeff =
ρm
f ′(R) , thus a modification of the
gravity, i.e. f(R) in the A system, generates an effective matter density that is reduced with respect to the real one.
The same condition is realized for the pressure: Peff = Pm/f
′(R). However the parameter of state for matter, i.e
ωm = Pm/ρm does not change, for the simplification of f
′(R). Because the Hubble rate computed in A and B must
be the same, we can find the relationship between ρc and ρcurv, Pc and Pcurv. Equating (8) and (20), (9) and (21) a
simple computation gives:
ρc − ρcurv = ρm
( 1
f ′(R)
− 1
)
, (22)
4Pc − Pcurv = Pm
( 1
f ′(R)
− 1
)
. (23)
It is worthwhile to note that the second sides of both equations denote the difference between the effective matter
density (pressure) in the system A and B. Indeed Pm is the pressure of the component of the Universe in B, while
Pm/f
′(R) is the effective pressure in A. Now we calculate the relationship between ωc and ωcurv in the two systems.
In order to perform this computation we rewrite previous relationships as:
ρc = ρcurv + ρm
( 1
f ′(R)
− 1
)
(24)
Pc = Pcurv + Pm
( 1
f ′(R)
− 1
)
. (25)
Furthermore the parameter of state for dark fluid can be denoted as:
ωc =
Pc
ρc
=
Pcurv + PmD
ρcurv + ρmD
, (26)
with D = 1
f ′(R) − 1, which we name the Deviation parameter. The previous one becomes:
ωc =
ρcurvωcurv + ρmDωm
Pcurv(
1
ωcurv
) + PmD(
1
ωm
)
. (27)
We have baptized D the deviation parameter for his behaviour: for D → 0 we obtain ωc = ωcurv, Pc = Pcurv and
ρc = ρcurv. D is equal to zero if f(R) = R, i.e. the extended theory of gravity reduces to General Relativity. D is
slightly different from zero if the f(R) analysed can be written as f(R) ≈ R + αR2 + γR3 + ...., with all non linear
terms in R small perturbations and sub dominant respect to the linear one, at a given cosmic time. If D becomes big
the components of two curvature stress-energy tensors, i.e. T µνcurv and T
µν
c , present a wider difference.
In order to be clearer we are going to exhibit some examples. Thus adopting the Hubble rate solution H ≈ β
t
(with
t cosmic time), we itemize, in the following table, the different analytical values of ωc and ωcurv, computed for some
f(R) models, i.e.
f(R) ωc ωcurv
R+ αRn 2n3β − 1 6β
2
−3β−4n2+4βn+2n
−6β2+3β−6βn
R+ αR2 43β − 1 −6β
2
−5β+12
6β2+9β
R2
18(6β2−11β+4)+(2−3β)t2
3β(−36β+t2+18)
−6β2−5β+12
6β2+9β
R+ αR2 + γR3
α(3β−4)t2−6β(2β3+15β2−48β+20)γ
3β(2β(2β2+19β−10)γ−αt2)
α(6β2+5β−12)t2−36β(4β3+4β2−23β+10)γ
3β(12β(4β2+8β−5)γ−α(2β+3)t2)
.
In particular in Figure 1 we graph the behaviour of ωc and ωcurv for the widely studied f(R) = R+αR
2. Furthermore
we introduce another meaning of the Deviation Parameter. From eq. (22) we can see that the Deviation parameter
can be denoted as:
D =
ρc − ρcurv
ρm
, (28)
and in this way D quantifies how much the two different curvature densities in A and B differ from the background
density (e.g. matter density, radiation density). The same definition can be extended to the pressure. Again, the D
parameter can be used to quantify how much A and B system give different results for curvature components, respect
to the background.
As highlighted before, for f(R) = R or for small polynomial perturbations from Einstein-Hilbert action, f ′(R) ≈ 1
and D ≈ 0. However this condition is dependent by the time at which we are studying Universe Dynamics. In this
way, given a particular f(R) theory, chosen to describe gravitational force in the Universe, can exist a time at which
the non-linear terms become dominant and the D parameter increase. Consequently the two parametrizations for the
curvature stress-energy tensors become widely different.
In order to better understand what we said we study the case of one of the most studied f(R), i.e R + αR2.
This model could be a valid phenomenological candidate to explain dark energy, inflation, and other early Universe
50.40 0.45 0.50 0.55 0.60
1.0
1.2
1.4
1.6
1.8
2.0
2.2
Ωc
Ωcurv
FIG. 1: Here the behaviour of ωc, ωcurv computed for the model f(R) = R + αR
2, for the approximated solution H ≈ β/t in
the range of β ∈ [0.4, 0.6].
phenomenon like Leptogenesis [3]. As known by Friedmann equation (8) the Ricci scalar is a function of the cosmic
time or equivalently of the redshift parameter z. So if we consider f ′(R) = 1 + 2αR there are values of R (and
consequent values of cosmic time) for which the D function tends to be big. Thus (R,α) points in proximity of
the hyperbole 1 + 2αR = ǫ, with ǫ small, have a large D, as shown in Figure 2. In proximity of these values of
(R,α), components of two curvature stress-energy tensor give results widely different. Consequently the effective
interpretation of extra curvature components as a source tensor could be misleading.
(a) The 3D plot of D(R, α) (b)The Contour plot of D(R, α)
FIG. 2: In this Figure we show the behaviour of D for different values of R and α in the R + αR2 model.
IV. CONCLUSIONS AND PERSPECTIVES
In this paper we have described two parametrizations of the curvature stress-energy tensor which emerge denoting
the extra geometrical terms of curvature in field equations as a stress-energy tensor. These two parametrizations
of the tensor have been denoted as T cµν and T
curv
µν , and similarly it has been done for its respective component, i.e.
pressure and density. We have described how it is possible to transform from one parametrization to another one (and
vice-versa) by means of the introduction of the Deviation parameter. The Deviation parameter takes into account the
emerging difference between the components of the two curvature stress-energy tensor. Studying the behaviour of the
deviation parameter we have argued under which conditions the two parametrizations for the tensor (also denoted
6with A and B) give significantly different results for the curvature pressure and density. In particular we note that
for small perturbation from the General Relativity action the results of A and B systems are very similar and D ≈ 0.
While if the non linear terms of the action dominate, at a given cosmic time, the curvature stress-energy tensor give
hugely differents results for curvature pressure and curvature density in A and B. In this case to denote the extra
curvature components present in the field equations (2) as a stress-energy tensor can be misleading, being the results
for curvature pressure, curvature density and EoS parameter depending from the parametrization chosen. In this
case it could be better to treat the extra components as geometrical terms, which add contributes to the Einstein
tensor, i.e. Gµν +G
c
µν . Certainly these two parametrizations, described here, are only two example of a wider class
of parametrizations that can be achieved. Further studies about the different descriptions of the dark matter or dark
energy phenomenon by means of curvature stress-energy tensor should be done.
V. APPENDIX: USEFUL RELATIONS
In this Appendix we report some useful relations that we use to obtain the pressure and density from (2), i.e. field
equations [6].
The Ricci 0− 0 component is given by:
R00 = −6(H˙ + 2H2), (29)
while the i− i is
Rii = −(H˙ + 3H2). (30)
The D’Alambertian opertor applied to the f(R) can be rewritten as:
f ′(R) = f¨ ′(R) + 3Hf˙ ′(R), (31)
considering that the time and spatial component can be denoted as:
∇0∇0f ′(R) = f¨ ′(R) (32)
∇i∇jf ′(R) = Hf˙ ′(R)δji , where (33)
f˙ ′(R) = f ′′(R)R˙, f¨ ′(R) = f ′′′(R)R˙2 + f ′′(R)R¨. (34)
The continuity equation is valid both for T cµν component and and for fluid m. For each of them can be written the
continuity equation:
ρ˙+ 3H(ρ+ P ) = 0, (35)
with solution
ρ = ρ0e
−3
∫
H(1+σ)dt, (36)
with ρ0 constant and σ = P/ρ.
For constant σ, in the Universe phase considered, we obtain the following result for density:
ρ = ρ0a
−3(1+σ). (37)
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